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I Abstract 

, As is well known, when D6 branes wrap a special lagrangian cycle on a non compact 

' \ CY 3-fold in such a way that the internal string frame metric is Kahler there exists 

' a dual description, which is given in terms of a purely geometrical eleven dimensional 

. background with an internal metric of G2 holonomy. It is also known that when D6 

\ branes wrap a coassociative cycle of a non compact G2 manifold in presence of a self-dual 

' two form strength the internal part of the string frame metric is conformal to the G2 metric 

• and there exists a dual description, which is expressed in terms of a purely geometrical 

fSJ ! eleven dimensional background with an internal non compact metric of Spin(7) holonomy. 

' In the present work it is shown that any G2 metric participating in the first of these 

' dualities necessarily participates in one of the second type. Additionally, several explicit 

\ Spin(7) holonomy metrics admitting a G2 holonomy reduction along one isometry are 

QQ ' constructed. These metrics can be described as i?-fibrations over a 6-dimensional Kahler 

■ metric, thus realizing the pattern Spin(7) — > G2 ^ (Kahler) mentioned above. Several of 

^ . these examples are further described as fibrations over the Eguchi-Hanson gravitational 

\ instanton and, to the best of our knowledge, have not been previously considered in the 



5_i ■ literature. 



1. Introduction 



Spaces of G2 and Spin(7) holonomy were the only two cases of the Berger list of the possible 
holonomy groups for Riemanian geometries [1] whose existence was not clear. This situation 
completely changed with the construction of explicit non compact examples in [2]- [3] and the 
proof of the existence of compact ones given in [4]- [5]. Since the appearance of these works, 
further special holonomy metrics were found in [6]- [21]. The reduction of the holonomy from 
S0{7) or 50(8) to G2 or Spin(7) implies that these metrics are Ricci fiat, that is, Rij = being 
Rij the Ricci tensor constructed with the special holonomy metric under consideration. Another 
of their salient features is the presence of at least one covariantly constant Killing spinor t], that 
is, an globally defined spinor satisfying Drj = being D the standard covariant derivative in 
the representation of the field. If the holomy is exactly G2 or Spin(7) there is only one of such 
spinors, in other cases the holonomy will be reduced to a smaller subgroup. In fact, the presence 
of a parallel spinor rj makes these spaces relevant for constructing supersymmetric solutions of 
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super gravity theories or even vacuum solutions of superstring theories. This comes from the 
general fact that the number of supersymmetries preserved by these solutions is related to the 
number of independent parallel spinors that the internal manifold admits. Compactifications 
of M-theory (or its low energy limit, eleven dimensional supergravity) on G2 or Spin(7) spaces 
give N=l supersymmetric theories in four and three dimensions respectively. Additionally, 
compactifications of heterotic string theory on these spaces also provide N=l supersymmetry 
in 3 and 2 dimensions respectively [27]. 

Prom a phenomenological point of view, compactifications of eleven dimensional supergrav- 
ity over G2 holonomy spaces constitute an attractive possibility, as the resulting low energy 
theory is four dimensional. But if the internal space is smooth then the four dimensional theory 
will be N=l supergravity coupled to abelian vector fields, and no chiral matter on non abelian 
vector fields will appear. Nevertheless, non perturbative effects arising by singularities may 
generate chiral matter and non abelian gauge fields in four dimensions [37]. For this reason 
special attention was paid to G2 holonomy spaces developing conical singularities. Another 
motivation for studying special holonomy manifolds appears in the context of dualities, as the 
present understanding of the dynamics of N=l supersymmetric theories relies partially in the 
existence of dual realizations of a given theory. An old example was considered in [23]-[24], 
[25] where it was shown that type IIA propagating on the deformed conifold with D-branes 
and llA on the resolved conifold with RR fluxes are dual to each other. This duality has been 
derived by lifting both backgrounds to purely geometrical M-theory ones with two G2 holonomy 
manifolds admitting an smooth interpolation. As D-branes contains gauge fields, this allows 
to study infrared dynamics by means of M-theory on G2 manifolds. Other contexts in which 
these spaces appear are in [38]- [56]. 

New dual descriptions involving special holonomy manifolds were reported in [26]. In this 
reference the geometries corresponding to D6 branes wrapping a supersymmetric 3-cycle in non 
compact Calabi-Yau and to D6 branes wrapping a coassociative 4-cycle in a non compact G2 
holonomy space were described from an eleven dimensional perspective. Both cases give N=l 
supersymmetry. For the CY case it was shown that if the ten-dimensional string frame is a 
wrapped product with an internal Kahler metric then the supersymmetry generator becomes a 
covariantly constant gauge spinor. This requirement, which is stronger than N=l supersymme- 
try, is know as " strong supersymmetry condition" and is translated into a system of equations 
involving the dilaton and the RR two form. These equations are a sort of "monopole equa- 
tions" describing the special lagrangian cycles the D6 branes wrap and the back-reaction of the 
branes on the physical metric. The lift of these IIA solutions to eleven dimensions results in a 
purely geometrical background with a internal G2 holonomy metric. Similarly, for D6 branes 
wrapping a coassociative cycle on a G2 manifold with self-dual two form field strength the 
ten-dimensional string frame is a wrapped product with an internal metric conformal to the 
G2 holonomy one. As for the previous case, the lift of these IIA sohitions to eleven dimensions 
result in a purely geometrical background, but the internal metric is now of Spin(7) holonomy. 

There are two inherent mathematical problems that arise in the context of the dualities 
mentioned above. One is the classification of the G2 holonomy metrics possessing an isometry 
action preserving the closed G2 structure in such a way that the quotient of the 7-dimensional 
structure by this action is Kahler; the other is the classification of the Spin(7) holonomy metrics 
with an structure preserving isometry such quotient of the 8-metric by this action gives a 7- 
metric conformal to a G2 holonomy one. The former situation has been studied in more detail. 
In fact in [22], one of the authors has identified these G2 metrics with the ones discovered 
independently in [20], and the relation between the generalized monopole equation and those 



classifying the G2 geometry in [20] was pointed out explicitly. Besides, an infinite class of 
explicit examples were presented in [21]. All these examples are described as fibrations over 
hypcrkahlcr metrics of the Gibbons-Hawking type. Instead, the situation corresponding to 
Spin(7) manifolds is less understood and one of the purposes of the present work is to study it 
further. A natural question is wether or not the G2 metrics participating in both dualities are 
related. In the present work it is shown that any G2 metric admitting a 6-dimensional Kahler 
reduction along an isometry can be obtained by a quotient of a closed Spin(7) structure by an 
structure preserving isometry. We are not able to prove or reject the inverse statement. The 
conclusion is that the set of G2 metrics obtained by reduction of a Spin(7) holonomy manifold 
in the way described above is equal or bigger than the ones that admit 6-dimensional Kahler 
reductions. 

It is tempting to connect the mathematical and physical aspects of the dualities described 
above by saying that whenever a G2 metric provides a dual description for D6 brancs wrapping 
a special lagrangian cycle on a CY satisfying the strong supersymmetry conditions it also 
describes a configuration of D6 branes wrapping a coassociative cycle inside the G2 manifold 
in presence of a self-dual RR two form. The fact that the corresponding backgrounds are 
completely determined in terms of the G2 metric may suggest that those D6 brane configurations 
are dual to each other, and the link between them is provided by the G2 structure. This is a 
very interesting statement but we are still cautious for the following reason. A configuration of 
D6 branes wrapping a special lagrangian cycle in a CY manifold will appear only if magnetic 
sources for the RR two form F are present, that is, dF = N 6. Consider the G2 metric dual 
to one of such configurations. By use of the result of the present work, one can lift it to 
an Spin (7) metric and construct an eleven dimensional background which is the direct sum 
of this metric with the Minkowski one in three dimensions. Clearly, the usual Kaluza-Klein 
reduction along an isometry gives a IIA background with a non trivial dilaton and a self-dual 
RR two form F', and the internal metric is conformal to the G2 holonomy metric. If there are 
delta type of sources for F , then this configuration will correspond to D6 branes wrapping a 
coassociative cycle and the duality we are talking about seems to be plausible. But we did 
not find a formal argument which insures that such singularities will appear, even if they were 
present for the initial configurations. One can argue that dF =0 everywhere, but F is non 
trivial due to bad asymptotics at infinite. In our opinion this is not the case, up to possible 
pathological counterexamples. In any case, we suspect that our result encode a very interesting 
class dualities between D6 brane configurations. 

In addition, we are able to find new G2 holonomy examples not considered in [20] and 
their lift to Spin(7) metrics. All these examples arise as fibrations over the Eguchi-Hanson 
gravitational instanton and the fiber quantities are defined over a complex submanifold of the 
Eguchi-Hanson space. In this situation all the fiber quantities are defined by the solution 
of a laplace type equation on the curved instanton metric, otherwise the underlying problem 
becomes non linear and in consequence, harder to solve. 

The present work is organized as follows. In section 2 it is presented a system of equations 
describing the lift of a G2 holonomy metric to an Spin(7) one, which is essentially the one 
considered in [26]. In addition, a brief characterization of the G2 holonomy metrics which 
admit a Kahler reduction is given. In particular, it is shown that any of these G2 metrics 
can be lifted to an Spin(7) one by means of these equations, which is one of the main results 
of the present work. In section 3 some known examples of these G2 metrics [20]- [21] are 
presented and the lifting to Spin (7) metrics is performed explicitly. In section 4 we review 
a method for constructing G2 holonomy metrics admitting Kahler reductions in terms of an 



initial hyperkahler 4-dimensional metric together with certain quantities defined over a complex 
submanifold of the hyperkahler manifold [20]. We show that this method hnearize the otherwise 
non linear system describing this geometry, and converts it into a Laplace type equation on the 
curved hyperkahler metric. We find a non trivial solution when the hyperkahler manifold is 
the Eguchi-Hanson gravitational instanton and construct the corresponding special holonomy 
metrics. In the last section we make a brief discussion of the presented results. 



2. Spin(7) metrics admitting G2 reductions 
2.1 The defining equations 

As it was mentioned in the introduction, a configuration of D6 branes wrapping a coassociative 
submanifold of a G2 manifold in such a way that the field strength Fab satisfying the self-duality 
condition 

4 Fab + Cabcd Fed = 0, (2.1) 

is described in terms of a type IIA background with an internal 7-metric which, in the string 
frame, is conformal to a G2 holonomy metric [26]. Here Cabcd are the duals of the octonion 
multiplication constants. Any of these llA backgrounds can be lifted to a purely geometrical 
solution of eleven-dimensional supergravity of the form 

9ii = 9(1,2) + 98, (2.2) 

being a Spin (7) holonomy metric possessing a Killing vector preserving also the Spin (7) 
calibration 4-form. Here gi^2 is the Minkowski metric in three dimensions. The purpose of the 
section is to clarify the relation between these G2 and Spin(7) holonomy metrics. 
Consider an 8-dimensional space Mg with metric 

g,^e<'f{dz + Af + e~'fg, (2.3) 

such that the 1-form A, the 7-metric gj and the function / are independent on the coordinate z. 
This condition means that V = is a. local Killing vector, which induce a local decomposition 
Ms — My X Rz ii z is non compact or Ms = M7 x U{l)z if z is an angular coordinate. In the 
following we will impose that gs is of Spin(7) holonomy and that gr is of G2 holonomy and we 
will derive the consequences of this statement, with the further assumption that V — also 
preserve the Spin(7) structure. 

By defining the one form = e^^{dz + A) the Spin(7) calibration 4-form corresponding to 
gs can be decomposed in the following form 

= A $ + (2.4) 

Here $ and *$ are a pair of G2 invariant 3 and 4 forms for the metric e'"^^ g^. As the function 
/ appearing in the expression (2.4) is z-independent, it follows that the whole 4-form (2.4) will 
be preserved hy V = dz- Furthermore $ = e~^^^ and *$ = e^^^ * $ being $ and *$ certain 
G2 invariant 3 and 4 forms for the metric g^. The four form (2.4) can be expressed in terms of 
$ and *$ as 

Qs^ (dz + A) + e-^f * (2.5) 



As qt, by assumption, has holonomy in G2 it follows that — d * ^ — Then the condition 
for Spin(7) holonomy dJlg — will be equivalent to the following system 

F A $ + d{e-^f ) A = 0, (2.6) 

being F — dA. By construction F is a closed two form. 

In principle, if one start with a closed G2 structure and solve (2.6) then the result is a 
Spin(7) holonomy metric. The problem is that, in general, it is not easy to find a non trivial 
solution. In fact, if one starts with an arbitrary G2 metric it can be hard task to guess an 
anzatz for F and / in such a way that the resulting system of equations takes a manageable 
form. Let us also note also that this system does not classify completely all the Spin(7) metrics 
admitting a G2 holonomy reduction. Even if = d * ^ ^ there could exist a rotation of the 
tetrad frame of gj such that d^ = c? * $ =0 for certain new calibration forms. We will try 
not to classify all the possible solutions of (2.6), but instead we will find some particular ones. 
The G2 metrics from which we will start are an special class of G2 holonomy metrics which are 
defined by admitting Kahler reductions [26], [21], [20] and [22]. Fortunately, we will be able to 
solve (2.4) for all these metrics. 

Clearly, the Spin(7) metrics presented above can be extended to a purely geometrical back- 
ground of the form (2.2). This background can be rewritten in the IIA form 

gn^e-'l'gio + e'"^{dz + Hs)\ (2.7) 

being V = dz the corresponding Killing vector. The usual reduction to IIA supergravity gives 

9IIA = ri'^^9(i,2) + F = Us, (2.8) 

being g-j the G2 holonomy metric and where the dilaton is defined through the relation 
g2(/. _ jy-2/3 fpjjg seven dimensional internal part of the background (2.8) is then conformal to 
the G2 metric, in accordance with [26] and our previous discussion. 

2.2 G2 holonomy metrics admitting Kahler reductions 

The next step is to find non trivial solutions of the system (2.6), or equivalently, to construct non 
trivial Spin(7) metrics possessing an isometry such that the orbits of the Killing vector induce 
a 7-dimensional metric conformal to a G2 holonomy metric. As we will show below, the system 
(2.6) can be solved for the large class of G2 metrics considered in [20] and independently in [26]. 
These metrics always possess a Killing vector which preserve the whole G2 structure such that 
the induced metric by taking the quotient with respect to this isometry is a six dimensional 
Kahler metric. In [26] the local form of these metrics is described in terms of "generalized 
monopole equations" while in [20] the description is given in terms of a non linear system 
that we will describe below. In addition, the analysis of [22] show that both descriptions are 
equivalent. The reason for choosing the second formahsm is that, as we will see, it considerably 
simplifies the lifting equation (2.6). 

In general, if a G2 holonomy metric possess an isometry preserving the whole G2 structure, 
then the orbits of the Killing vector induce an SU (3) structure with generically non zero torsion 
classes [31]. But if the associated SU{3) structure is Kahler, then the initial G2 has another 
isometry which commute with the former one [20]. Therefore any of such G2 metrics is toric 
from the very beginning. In addition, it is possible to make a further reduction with respect to 



the second isometry and describe the G2 and Kahler metrics as fibrations over certain Kahler 
4-dimensional metric which we will specify below. ^ 

Let us describe schematically the local form of the G2 holonomy metrics in question, further 
details can be found in the original reference [20]. Their local form is 

^7=^ + udii^ + ^ ^ + ^4/^ . 2.9 

All the quantities defining are independent on the coordinates a and (3, therefore (2.9) is 
toric with KiUing vectors Vi — da and V2 — dp. The metric g^di) is Kahler and defined over a 
four manifold M and it depends on as a parameter. It also admits a complex yU-independent 
symplectic 2-form Q = 002 +iuj3, where being "symplectic" means that it is closed, dfl — 0. On 
the other hand, being "complex" implies that 

a;2 A a;2 = a;3 A a;3, a;2 A a;3 = 0, (2-10) 

and that the equation 

a;2(Jr,-)=^3(-,-)- (2.11) 

define a complex structure Ji. In other words, the Niejenhuis tensor of Ji vanishes identically 

or equivalently Ji is integrable. The two form u)i{^) constructed by lowering the indices of Ji 
with 5'4(/i) is in general // dependent and closed on M. It is also orthogonal to U2 and u^, with 
respect to the wedge product, that is 

^U2^u{|J) (2.12) 

The function u in (2.9) depends on the coordinates of M and on the parameter /x, and is defined 
through the relation 

2iJiUi{ij) ^ux{|J) ^uQ, hO,. (2.13) 

This function always exists because the wedge products in (2.13) are proportional to the volume 
form V{g^ of gA{iji). In fact 

Au}i{^i) = V{gi) 

The forms and H2 are defined on M x and M respectively by the equations 

dH^ = (d» ^d|l+^, dH2 = (2.14) 

with d'lj — Jidu- The last equation can always be solved locally as the forms cui and 002 are 
closed. The integrabihty condition associated to the first (2.14) is the evolution equation 

= -dudlfU. (2.15) 

Now a theorem given in [20] insures that if the system of equations described above are satisfied 
then the metric (2.9) are of G2 holonomy. This statement is not difficult to sec. The calibration 
3-form corresponding to the metrics (2.9) is 

$ = cDi(/x) A {da + H2) + di^A {dp + Hi) A {da + H2) 



^Note that the hfting of these metrics to 8 dimensions by (2.6) will give an Spin(7) metric with three 
commuting isometries, as the initial G2 metric is toric. 



+fj, ( UJ2 A {dp + Hi) + UUJ3 Adfi) , 
and the dual form *$ corresponding to (2.16) is given by [21] 



(2.16) 



= /i^<^i(A*) AdjiA {dp + Hi) + UUJ2 A (da + H2) A d// 

A {dp + iJi) A (rfa + H2) + /ti^cJi(Ai) A u;i(/i) 

By means of (2.14), (2.15) and (2.13) it follows that d<i> = d*^ = 0. 
The G2 metrics (2.9) are fibered over the six dimensional metric 



(2.17) 



gQ^udji H K5'4(a*), 




(2.18) 



u 



which is Kahler with Kahler form 



K = {dp + Hi) Adfi + uji. 



(2.19) 



The converse of these statements are also true. That is, for given a G2 holonomy manifold Y 
with a metric gj possessing a Killing vector that preserves the calibration forms $ and *$ and 
such that the six- dimensional metric Qq obtained from the orbits of the Killing vector is Kahler, 
there exists a coordinate system in which takes the form (2.9) being g'4(//) a one-parameter 
four-dimensional metric admitting a complex symplectic structure Q and a complex structure 
Ji, being the quantities appearing in this expression related by (2.11) and the conditions (2.14), 
(2.15) and (2.13). This is the most involved part of the proofs and we refer the reader to the 
original reference [20]. 

The class metrics presented in this section include as particular cases the G2 metrics which 
are dual to D6 branes wrapping an special lagrangian cycle and satisfying the strong super- 
symmetric conditions, i.e, the conditions for the supersymmetry generator to be a covariantly 
constant gauge spinor. These conditions will hold only if in the string frame the llA string 
metric has a Kahler internal part, which forces the G2 dual metric to be in our class. Note 
that the Killing vector fields preserve the metric and thus it preserves and the whole G2 
structure. Another interesting fact is that 



therefore the Kahler base (74 is a coassociative submanifold . In the same way for fixed value of 
the coordinates of g4 one obtains from (2.9) the three dimensional metric 



M — 



V{g,), 



gs = + udix^ + IX 
IJ? 



dp^ 



(2.20) 



u 



defined on certain space M3, and it follows that 



*^|m3 = V{g^), 



therefore M3 is an associative submanifold. These are cahbrated submanifolds [34] and are 
supersymmetric from the physical point of view [35] . 



2.3 Uplifting to Spin(7) metrics 

In the present subsection it will be shown that any of the G2 holonomy metrics (2.9) described 
above can be lifted to an Spin(7) holonomy one by means of the hfting formula (2.6). The two 
form F — dA appearing in this formula must be closed. Prom the fact that — CU2 + i^^s is 
sympletic and that dH2 — —L02 (see (2.14)) the most natural anzatz is 

F^dA^ -UJ3. (2.21) 

The system (2.6) reduce in this case to 

A $ = die-'^f) A (2.22) 
From (2.17) it follows that the right hand of (2.22) is 

d{e*^) A = d{e-^^) A (/i^cDi(/i) A dn A {d(3 + Hi) + UUO2 A {da + H2) A d^ 



+UJ3 A {d/3 + Hi) A {da + H2) + i^^Ui{i^) A Ui{i^)j (2.23) 

The left hand side is obtained from (2.16) and is 

a;3 A $ = u)i{iji) A {da + H2) Aus + d/jiA {d(3 + Hi) A {da + H2) A UJ2, 

+H {UJ2A {d(3 + Hi) +uuJsAdi2) A UJ3 (2.24) 
But from (2.13) we see that a;2 A a;3 = cDi A a;3 = and also that 

VIU3 Acus — /MjJi a uji. 

Taking into account these relations the formula (2.24) is simplified to 

A $ = d// A (^{dp + Hi) A {da + H2) AU3 + f/uji A u)i^ (2.25) 

Equating (2.25) to (2.23) gives the equation 

d{e'''^f) AduA (^n'^uji{n) A {djS + Hi) - UUJ2 A {da + H2)) 

+d{e-^f) A (us A {d(3 + Hi) A {da + H2) + A*'c5i(At) A uji{ii)) (2.26) 

= dfiA (us A {df3 + Hi) A {da + H2) + fJ^^uJi{fJ.) A uji{[j.)^ 

The solution of this system is immediate. If d{e~'^^) = dfi the two first terms of the left hand 
side vanishes and the two last ones equal to the right hand side. We choose then e~^^ = fi + h 
and our Spin (7) metrics become 

being dH^ = —u^ and gj the G2 holonomy metrics described in the previous section. Thus, we 
have found the Spin(7) metrics we were looking for. The reason for which the family is infinite 
is because the G2 family over which are fibered is also infinite [20], [21]. 



3. Explicit Spin (7) examples 



The local expression (2.27) describe infinite family of Spin(7) metrics admitting G2 reductions. 
In this section we found the metrics corresponding to known G2 holonomy cases [21]. The lift 
in this case present no difficulties, but serves as warmup for the next section, in which less 
trivial examples will be worked out. 

3.1 Two different general solutions 

Any of the Spin(7) metrics (2.27) are fibrations over a G2 holonomy metric of the type 
described in section 2.2, which are constructed in terms of solutions of the equations (2.11)- 
(2.14). The 1-form H-^ satisfies dH^ — —u^. A simple example is obtained by assuming that the 
function u defined in (2.13) does not vary when we move on M but depends on the coordinate 
/i. Then the equation (2.15) gives that Ui = (cfi + d) Ui being uji independent on fi. In addition 
uji is closed on M4 from where it follows that ^40;! = 0. This means that if one starts with 
an hyperkahler triplet a;, of some hyperkahler manifold M all the conditions (2.9)-(2.14) are 
solved except (2.13), which becomes then an algebraic equation defining u. The solution is 
u = ^ {c fi + d)"^. Also (74 (yu) = {c fi + d) being g^ the hyperkahler metric corresponding to 
tUj. The resulting 7-metrics (2.9) have the following expression 

{da + H2f (dp + Hif ^. ,,2,2 , a /o oon 

91 = -^^^ + (^^2 + j)2 + (c/^ + ^) + /^(^/^ + ^)^4- (3.28) 

Moreover the equations (2.14) are in this case 

dEx = dE2 = -^2- (3.29) 

These metrics are usually well behaved away from the point = or = — 6 if 6 < 0. 

A second type of metrics are obtained with a function u which depends on and also varies 
on M . This case is more difficult to deal with but still we will find below several explicit 
examples. Consider as before an hyperkahler structure uj^ with its Ricci fiat metric ^4 and 
deform one of the Kahler two forms, say a;i, to a new one of the form 

= u;i - ^4^4^, (3.30) 

being G a function on M x i?^. Then the compatibility conditions (2.10) and (2.11) and (2.12) 
are satisfied by (3.30). Inserting (3.30) into the evolution equation (2.15) gives 

dlG = 2 M, (3.31) 

therefore u is completely determined in terms of G. The equation for G is found from (2.14) 
as follows. The relation 

c:;i(/i) A = {ui - didlG) A {cui - d^dlG) = M{G)ui A ui (3.32) 

defines a non linear operator M{G). This operator always exist as all the terms in (3.32) are 
proportional to the volume form of g^ilj)- Then the insertion of (3.31) into (2.14) gives 



2// M{G) = dlG, 



(3.33) 



which is the equation we were looking for. Also, from (2.15) it follows that 



Hi = -dld^G. (3.34) 

Note that in general, the metric tensor g^dj,) in (2.9) is not the hyperkahler metric ^4 in general. 
If K denote the Kahler potential corresponding to Ui then the metric (y'4(//) is the one which 
corresponds to the modified Kahler potential K = K — G. This metric is obviously Kahler, but 
not necessarily hyperkahler. Equations (3.31)-(3.34) define a new family of G2 metrics and all 
the objects defining the metric are related essentially to a single function G satisfying (3.33). 

To find the general solution of the previous equations is extremely complicated because 
M{G) is a non linear operator. The source of non linearity is given by the term d^d^G A d^d'^G 
in (3.32). Nevertheless, there exist special cases in which 

d^dlG A didlG = 0. (3.35) 

In these situations the operator M{G) reduce to the linear operator [20] 

M{G) = 1 + A4G' 

being A4 the laplacian over the starting hyperkahler metric g^. In fact, the full system describing 
the G2 geometry is linear in these cases. The condition (3.35) is satisfied when the function G is 
defined over a complex submanifold on the hyperkahler manifold M [32]. This statement means 
the following. The starting hyperkahler structure uoi is obviously Kahler, thus M is complex 
and parameterized in terms of certain complex coordinates {zi, 2^2,^1,^2) which diagonalize Ji. 
The equation (3.35) will be satisfied when the function G is of the form G — G{w,w) being w 
a single complex function of the Zi and w its complex conjugate. In particular, the equation 
(3.33) defining the G2 geometry will be reduced to 

2/^(1 + A4G') = dlG. (3.36) 

This is an important simplification, although the task of finding solutions of a Laplace equation 
in a curved space is not easy in general. In the next section we will find an explicit solution by 
taking the Eguchi-Hanson gravitational instanton as our initial hyperkahler structure. 

3.2 Simple known examples 

The solution generating techniques described in the previous subsection require an initial 
hyperkahler structure. The simplest hyperkahler manifold is with its fiat metric g^ — 
dx^ + dy^ + dz"^ + dc;"^ and with the closed hyperkahler triplet 

cui — d(; A dy — dz A dx, u)2 = dq A dx — dy A dz, = dq A dz — dx A dy. 

This innocent looking case is indeed very interesting. Let us construct the metrics (3.28) 
corresponding to this structure. The forms such that dHi = uj^ are simply 

Hi — —xdz + yd<;, H2 — —ydz + xd<;, — —ydx + zdq (3.37) 

and by selecting c = 1 and d = in (3.28) the resulting G2 metric is 

^ {da-xdz + yd,f ^ W-ydz-xd,f ^ ^4 ^^2 ^ ^2 ( ^^2 ^ ^^2 ^ ^^2 ^ ^^2 (3 33) 
A* A* 



The metrics (3.38) have been already obtained in the physical literature [19] and are interpreted 
in terms of domain wall configurations . Even in this simple case and though the base 4-metric 
has trivial holonomy, it has been shown that (3.38) is irreducible and has holonomy exactly G2, 
not a subgroup. 

Turning on the attention to the second ramification, a possible choice of complex coordinates 
for is zi — X + iy, Z2 — z + i<; and complex conjugates. If the functional dependence the 
function G is assumed to be G = G(/i, zi,zi) then the operator M{G) reduce to the laplacian 
operator in fiat space 

G" + /i(a^xG + dyyG) = 2//. (3.39) 
The separable solutions in the variable // are of the form 

G=^^i^ + V{x,y)K{^i). 

By introducing G — G{iJL,x,y) into (3.39) it follows that K{ij) and V{x,y) are solutions of the 
equations 

K"{fi)=pfiK{fx), d,^V + dyyV + pV = 0, (3.40) 

being p a parameter. By defining the p, = njp^/^ the first of the equations (3.40) reduce to the 
Airy equation. The second is reduced to find eigenfunctions of the two dimensional Laplace 
operator, which is a well known problem in electrostatics. For p > periodical solutions are 
obtained and for p < there will appear exponential solutions. 

A simple example is obtained with the eigenfunction V — q sin(p x), being q a constant. A 
solution of the Airy equation is given by 

K = Am = -n'/\Jys{r) + J_v3(r)), r = 

Then the function G is ^ 

-fi^ + q sm{p x)Ai{^), 

Prom (3.34) it is obtained that 

Hi = —p qAi{fiy cos{p x)dy, u = + p q Ai{Jl) sm{px)). (3-41) 

g^ifJ^) = -{dx'^ + dy^) + dz^ + dq^ 
A* 

In terms of the quantities defined above the generic G2 holonomy metric (2.9) becomes [20] 
{dx — xdz + yd(;Y {dv — p qAi{jl)' cos(p x)dyY 

(3.42) 

where the function H{ji,x,y) — (1 + p g Ai{Ji) sin(p x)) has been introduced. As before, the 
holonomy is exactly G2 [20]. 

It is straightforward to construct from (3.42) or (3.38) a pair of holonomy Spin{7) metrics, 
which are obtained from (2.27) and (3.37). The result is 

{dz + ydx-zdqf 

9^ = — l/TTW — + (^' + ^r 97 (3.43) 

being gi any of (3.42) or (3.38). The curvature tensor is irreducible for these metrics and the 
holonomy is not reduced to a subgroup. 



gr = y-^--^-^jy^^^ ^ yuu-y^^.,^j^...,y.juyj ^ Hdx'+Hdy'+dz'+de ) V, 



4. Two fibrations over the Eguchi-Hanson gravitational 
instanton 



4.1 The Eguchi-Hanson metric as an ALE space 

In this section the solutions of the two ramifications described above will be worked in the 
situation in which the Eguchi-Hanson gravitational instanton is the initial hyperkahler metric 
[28]. As is well known, this metric is preserved by an isometry which also preserve its Kahler 
forms cui, namely 

CkUJi = CkUJ2 = Ck(^s = 

being K the corresponding Killing vector. Such Killing vector K is called tri-holomorphic and 
it also preserve the complex structures Jj defined by the Kahler forms and the metric, thus it 
is also tri-hamiltonian. For any 4-dimensional hyperkahler structure with this property there 
exist a local system of coordinates in which K — dt and for which the metric takes generically 
the Gibbons-Hawking form [36] 

g = V-\dt + Af + Vdxidxj5'\ (4.44) 
with a 1-form A and a function V satisfying the linear system of equations 

Vy = V X A. (4.45) 
In addition the hyperkahler triplet in this coordinates is given by 

ui = {dt -\- A) /\dx — Vdy A dz 

U2 = {dt + A)Ady- Vdz A dx (4.46) 

cus = {dt + A) Adz - Vdx A dy 

which is actually t-independent. The Eguchi-Hanson solution corresponds to two monopoles 
on the z axis. Without losing generahty, it can be considered that the monopoles are located 
in the positions (0, 0, ±c). The potentials for this configurations are 

V^— + —, A^A+ + A^^[ — + — ]deiTCtein{y/x), rl ^ x'^ + y'^ + {z ± cf. 

The resulting metric (4.44) in Cartesian coordinates is 

g = + ^dT+ + daTctein{y/x) j + + { dx^ + dy"^ + dz'^ ), 

(4.47) 

where z± = z ± c. In order to recognize the Eguchi-Hanson metric in its standard form it is 
convenient to introduce a new parameter = 8c, and the elliptic coordinates defined by [30] 

2 2 2 

x = — (a/r)^ sin (/? COS ^, y = -— a/i — (a/r)^sin(/7sin^, 2; = -— cost/?. 
8 8 8 

It is not difficult to check that in these coordinates 

r± = -g (1 ± (a/r)^ cose/?) , 2;± = (cos (/? ± (a/r)^) , F = — (l - (a/r)^ cos V) , 



A = 2 (l - (a/r)^cosV) ^ (l - cos(p dO, 

and, with the help of these expressions, it is found 

2 2 

^ = J ( 1 - (a/r)^ ) ( + cos cpdr )^ + ( 1 - {a/rf ^^^^ + J ( V + sin^ V'^^t ) (4.48) 

This is actually a more familiar expression for the Eguchi-Hanson instanton, indeed. Its isom- 
etry group is U{2) = U{1) x SU{2)/7i2- The holomorphic Killing vector is Or- This space is 
asymptotically locally Euclidean (ALE), which means that it asymptotically approaches the 
Euclidean metric; and therefore the boundary at infinity is locally S^. However, the situation 
is rather different in what regards its global properties. This can be seen by defining the new 
coordinate 

= (l - {a/rf) 

for which the metric is rewritten as 



2 2 

^ = !^ ( c^^ + cosc^dr )^ + ( 1 + {a/rY du^ { dip^ + sin^ ipdT ). (4.49) 

The apparent singularity at r = a has been moved now to m = 0. Near the singularity, the 
metric looks like 

1 

g c:i — [dO -\- cos ifdr )^ + -^du^ + — ( d^p^ + sin^ ^pdr ), 



and, at fixed r and ip, it becomes 



V? 1 

o ~ — d6l^ + -du^. 
4 4 



This expression "locally" looks like the removable singularity of that appears in polar 
coordinates. However, for actual polar coordinates, the range of 6 covers from to 27r, while in 
spherical coordinates in R^, < ^ < tt. This means that the opposite points on the geometry 
turn out to be identified and thus the boundary at infinite is the lens space 3^/7^2- 

4.2 The first type of metrics 

The task to find the G2 metrics (3.28) that correspond to the Eguchi-Hanson instanton was 
already solved in [21]. The explicit expression of the 1-forms satisfying dH^ — cui, being cui 
the Kahler forms (4.46), is the following 

Hi — —X dr + (log(r+ + z+) + log(r_ + Z-)) dy — 2a x darctan(y/x), (4.50) 

H2 = +y dr + (log(r+ + z+) + log(r_ + z_)) dx + 2a y d a.Tcta.n{y / x) , (4.51) 

H3 = —zdr — a ( r+ + r_ ) (iarctan(|//a;). (4.52) 

These expressions are defined up to a redefinition by a total differential and, together with 
(3.28), define the following G2 metric 

97 = ^ + ^^^^2 + ^)2 + (c/^ + ^) + /^(^/^ + ^)^4 (4.53) 

where ^4 the Eguchi-Hanson metric. In addition, a Spin(7) holonomy metric is obtained directly 
from (4.53) and (2.27). 



4.3 The new examples 



In this subsection we construct a family of G2 and Spin(7) metrics fibered over the Eguchi- 
Hanson instanton which, to our knowledge, have not been previously considered. For this it is 
convenient to define a new radial coordinate p — for Eguchi-Hanson metric (4.48) while 
keeping the angular coordinates unchanged. In terms of these coordinates (4.48) takes the form 

QEH = -Y^dp" + p{af + al) + ^ ~ " (4.54) 
p'^ — p 

being 

o\ — - (cos Qd(~p + sin Q sin (^dr) , 
(72 = - ( — sin Qd^p + cos Q sin (^dr) , 



The Kahler forms are given by 



being e' the tetrad basis 



(T3 = -(d^ + cos ^dr). 
2 



a;j = e° A - ej^-fe A , (4.55) 



\p^ — 



As usual, the hyperkahler structure (4.54) and (4.55) will be starting point for constructing 
a G2 holonomy metric. This is achieved with the help of a function G satisfying the laplace 
type equation (3.36) together with the condition (3.35). As the last condition implies that G 
is defined on a complex submanifold of the hyperkahler space, it is necessary to find a complex 
coordinate system for (4.54). A well known coordinate system is the one which diagonalize the 
complex structure J3 corresponding to the Kahler form oj-i- These coordinates are [29] 

., = (p^-a^)V^cos(|)exp(i^), 



.Q-T 

The hyperkahler metric (4.54) is expressed in this coordinates as 



Z2 = (p^ - a^fl' sin(|) exp(i^). (4.56) 



pn 

922 = —2 , (4-58) 

2 2 

912 = ^Z2Zi, (4.59) 

PV 



which is symmetric under the interchange zi ^ zi- We have denoted r] = \zi\^ + \z2\'^ ~ 
\/ — d^. The advantage of consider this coordinates are clear when calculating the laplacian 

^det(^) 

In this coordinates det(5f) = 1 and the inverse metric is simply 

iT 22 12 

9 = 922, 9 = 911, 9 = -921- 
Moreover, after certain calculation is obtained that 

The last equalities are more easily checked with Mathematica than by hand. Prom them it 
follows that the action of the laplacian acting on a function U{zi,zi) is simply 

AehU = g^^didfU. (4.60) 

As we have explained, equation (3.33) will become linear if the dependence of G with respect 
to the complex coordinates is G = G{w,W) being w = w{zi,Z2) an holomorphic function of 
zi and Z2 and w its complex conjugate. If additionally w{zi,Z2) ~ Zi then the action of the 
laplacian will be simply (4.60). For this reason we assume that G — G{ii, Zi,zi). The equation 
(3.36) is simplified with this anzatz to 

/i(l + g^^didjG) = dlG. (4.61) 

But the component g^^ is a function of Z2 and G, by our assumption, is not. This observation 
together with (4.61) imply that 

ai^G = 0, ei^G = ^Ji. (4.62) 

The most general solution of (4.62) is simply 

G = ^ + (f{z^) + F(zi)) + H{z{) + H{z{}, (4.63) 

being F and H functions on the complex coordinate zi and F and H their complex conjugated. 

The function G found above determines completely a family of special holonomy metrics 
given by (2.9) and (2.27). The fiber quantities in these expressions are obtained as follows. 
From (3.31) and (4.63) it follows that 2u — ji. The expression of the exterior derivatives over 
the Eguchi-Hanson manifold in our complex coordinates is 

— d^idz^ + ^z^dz^, dl — idz^dz^ — id^idiZi 

and their action over (4.63) gives 

d4d'iG = 0. 

From (3.30) and the last equation it is obtained that tDi(/i) = cui which means that g^ = ^4 is the 
Eguchi-Hanson metric gsH- Note that this equality is accidental, for other initial hyperkahler 
structure it may not hold. From (3.34) it is obtained that 

Hi = i^ji{F'dz^ - F'dzi) + i{H'dz^ - H'dzi) = $J ((/xF' + H')dzi) (4.64) 



and is clear that it takes real values. Here ' means the derivative with respect to the argument. 
The corresponding G2 and Spin(7) metrics are easily constructed from (2.9) and (2.27) and the 
quantities defined above, the result is 



^V + (ci/? + ^(F)d/.)^ + i^^^)' 



g, = ^ V + {d(5 + ^(F)ci/x)2 + + QEH. (4.65) 



for the G2 holonomy metrics and 

{dz + H^f , , , ^,1/2 fy-^ 2 , o/^« , ^2 , {da + H2y 
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+ b^3/2 + (/^ + ^y^' ( Y^/^' + 2(^/5 + '^{F)d^^f + ^ "'^ + /X <7i^//) , (4.66) 



for the Spin(7) holonomy ones. Here dp has been redefined by adding a total differential and 
Hi and H2 are the forms (4.50) or (4.51). 

A simple inspection shows that neither of the special holonomy metrics constructed above 
has a signature change problem. By defining the proper coordinate r = )U^/2 the G2 metric 
(4.65) becomes 

97 = dr^ + ^ + ^ ^ + t'/^9eh, (4.67) 

r T 

and we see from the square root that r take positive values and there is no change in the 
signature. Also, by selecting 6 = in the Spin(7) metric and defining rj = /x^/^ it is obtained 
the following expression 

+ ^^^7^ + ^^575 + + r]' 9EH (4.68) 

for (4.66) and in this case the powers of r] are all even and there is not signature change as 77 
goes from positive to negative values. 

The class of metrics (4.66) and (4.65) depend on an arbitrary choice of an holomorphic 
function ^(2:1). This is the only freedom to construct them. In fact both metrics arise as an 
i?^-fibration and their quotient by the /9-isometry gives the same 6 or 7 dimensional metric. 
The function F indicates the way the hft of these 6 or 7 dimensional metrics to a G2 or Spin (7) 
holomy one is performed. Therefore (4.66) and (4.65) describe an infinite family of special 
holonomy metrics. 



5. Discussion 

The main result of the present work is the proof that any metric of G2 holonomy with an 
isometry action preserving the metric and the calibration 3 and 4-forms in such a way that the 
quotient of the G2 structure by this action is Kahler admits a lift to a closed Spin(7) structure. 
As the initial 7-metric always possess two commuting Killing vectors, the underlying Spin(7) 
holonomy metric will possess three commuting Killing vectors. All these special holonomy 
manifolds are non compact in view of the description given in [20] for the G2 case. Additionally, 
we have constructed several families of special holonomy metrics and we remark (4.68) and 
(4.65) which, in our opinion, are new examples. We were unable to show wether or not a 
G2 holonomy metric obtained by the quotient of a closed Spin(7) structure by an isometry 
preserving it admits a further reduction to a Kahler 6-dimensional structure. This is an open 
question. 



Although our results are formulated in mathematical terms, they have physical conse- 
quences. The class of G2 holonomy metrics admitting Kahler reductions include the examples 
which realize a dual description of configurations of D6 branes wrapping a special lagrangian 
cycle in a non compact CY 3-fold and satisfying the strong supersymmetry conditions, which 
are the conditions that convert the supersymmetry generator into a covariantly constant gauge 
spinor. The presence of the D6 branes is due to sources for the RR two form F, that is, dF 
~ N 5. The dual description is achieved in terms of a 11-dimensional background is the direct 
sum of the G2 metric plus the fiat Minkowski metric in four dimensions. As our results imply 
that any of such G2 metrics can be lifted to one of Spin(7) holonomy, one can construct as well 
a purely geometrical background in eleven dimensions which is the direct sum of the Spin (7) 
metric plus the flat Minkowski metric in three dimensions. The usual Kaluza-Klein reduction 
along one of the isometrics will give a new IIA background with a non trivial dilaton and a 
self-dual RR two form F in such a way that the 10-dimensional metric in the string frame 
contains a internal part conformal to the G2 metric. It seems reasonable to postulate that 
delta sources for the RR two form F will be present as well, and the new IIA background 
will describe a conflguration of D6 branes wrapping a coassociative 4-cycle of the G2 holonomy 
manifold. Unfortunately, this statement concerning the singularities of the RR two form does 
not follow directly from our analysis. One can argue that there may be no delta singularities 
for the new configuration but instead, the new RR two form is non trivial due to a bad behavior 
at infinite. We believe that this will not the case when the initial configuration corresponds to 
D6 branes, but we do not have a proof. This is an important problem for the following reason. 
The IIA backgrounds described above are completely determined in terms of the G2 holonomy 
metric. If a given G2 metric is determining completely a pair of such D6 brane configurations, 
then there may be a duality connecting the corresponding supersymmetric theories, and the 
link is provided by the G2 structure. In our opinion, this possibility deserves further attention, 
as this duality will connect theories in three and four dimensions. 
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